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5.15 Problems

5.1 The periodic convolution of two periodic sequences, ¥[n] and &[n], of period N each, is defined by

N—1
Flal= " Flrlhln - rl. (5.184)
r=0

Show that ¥[#] is also a periodic sequence of period N.

5.2 Determine the periodic sequence ¥[n] obtained by a periodic convolution of each pair of periodic sequences of
period 3 given below: }

(@x[rl={1 2 =2 =1 3}, hnl=(2 0 1 3 —4}, 0<n<4,
(b E[ml={-1 5 3 0 3}, hnl={-2 0 5 3 —2),0<n<4

5.3 Let ¥[n] be a periodic sequence with period N, ie., ¥[n] = X[n + £N], where € is any integer. The sequence
£[n] can be represented by a Fourier series given by a weighted sum of periodic complex exponential sequences
U [n] = e/2mkn/N - Show that, unlike the Fourier serics representation of a periodic continuous-time signal, the
Fourier series representation of a periodic discrete-time sequence requires only N of the periodic complex exponential
sequences Welnl, k=0,1...., N — 1, and is of the form

N-1
1 o P
i = > Xikjes#kn/N, (5.185a)
k=0
where the Fourier coefficients X [k] are given by
o~ N_l .
XK= ) Enle~IomkalH, (5.185b)
n=0

Show that X [k] is also a periodic sequence in k with a period &. The set of equations in Eqs. (5.183a) and (5.185b)
represent the discrete Fourier series pair.

5.4 Determine the discrete Fourier series coefficients, defined in Eq. (5.185b), of the following periodic sequences:
(@) X1[n] = cos(mn/d), (b)Fa[n] =sin{mn/3) + 3cos(zn/4).

5.5 Show, using Egs. (5.185a) and (5.185b), that the periodic impulse train pln] = fo:_wcS[n + rN71 can be
expressed in the form pln] = % Z?;_ol e 2men/N,

5.6 Let.xv[#] be an aperiodic sequence with a DTFT X(efw). Define
Rkl = X (/) |m=2,rk/N = X(MNy, o<k <oo.
Show that X[£] is a periodic sequence in & with a period N. Let X[k] be the discrete Fourier series coefficients, defined

in Eq. (3.185b), of the periodic sequence £[n]. Show, using Eqs. (5.185a) and (5.185b), that

s 0]

Fn] = Z x[n+rN].

F=—oQ

5.7 Let X[n] and §[n] be two periodic sequences with period N. Denote their discrete Fourier series coefficients,
defined in Eq. (5.185b), as X[&] and ¥[k], respectively.
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(a) Let g[n] = X[n]¥[n] with Glk] denoting its discrete Fourier series coefficients. Show, using Eqs. (5.185a) and
(5.185b), that G k| can be expressed in terms of X[k) and YIk] as

N-—1
Glk] = Z X[avik — . (5.186)

(b) Let H[k] = X[k]¥[k] denote the discrete Fourier series coefficients of a periodic sequence filn]. Show, using
Eqs. (5.185a) and (5.185b), that /2[#] can be expressed in terms of ¥[n] and ¥[n] as
N—-1
nl =Y lrlsln —rl. (5.187)
r=0

5 8 /Determine the N-point DFTs of the Iollowmg length-N sequences dehned forO<n<N-—-1:
— (a) xq[n] = sinQan/N), (b)xpln] = cos2(2rn/N), (c) x¢[n] = cos (2;m/N)

' 5.9 Determine the N-point DFTs of the following length-N sequences defined for0 <n < N —1:
2 for n even
L n » = 1 ]
@ yalil =a", O wlal={2; o o

L ¥ 5. 10 Determine the N- -point DFT X[k] of the N-point sequence x[n] = cos(wen), 0 < n = N — 1, for w, #
2ar /N D<r<N-L

5.11 Consider a length-N sequence x[n], 0 <n < N — 1, with N even. Define 2 subsequences of length«l.-_\:',— each:
xpln]l = x(2n]and xy[n] =x[2n+1], 0 = n = %" Let X[k], 0 < k < N — I, denote the N-point DFT of x[n],

and Xg[A]and Xq[k]. 0 <k < % — 1, denote the %—poim DFTs of xg[n] and x[n], respectively. Express X[k] asa
function of Xg[k] and X [k].

5.12 Consider a length-N sequence x[r], 0 <n < N — 1, with N even. Define two length-% sequences given by
xplnl = (_\'[n] -+ _\'[% -+ n]) , xinl = (.r[n] - ,r[%’- + n]) WK,, O<n< %i - 1.

If Xp[k] and X[k], 0 < &k < %_i— — 1, denote the %-poim DFTs of xg[n] and x1[#], respectively, determine the
N-point DFT X[£], 0 <k < N — 1, of x[n] from these two %—point DFTs.

5.13 Let X[k] denote the N-point DFT of a length-N sequence x[u], with N even. Define two lengtlp% sequences
given by
glal = %(x[’ln] +x[2n+10), hlnl= jl(.\'[Qn] —x[2n+1]), 0=n<= %r- —1.

If G[k]and H[k], 0 <k < Y _ 1, denote %-point DFTs of g[n] and h[n], respectively, determine the N-point DFT

2
X[k] from these two %-point DFTs.

5.14 Let X[k],0 < k < N — 1, denote the N-point DFT of a length-V sequence x[n], with N even. Define two
Ienoth—— sequences given by

gln]l = ayx[20] + axx[2n + 11, hn] = azx[2n] +agx[2n+1], 0=<n< # -1

where ajay % aray. If Glk]and H[k], 0 < k = %}_ — 1, denote %-poim DFTs of g[n] and &[], respectively,
determine the N-point DFT X[k] from these two —gi-poim DFTs.
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¥
\S:TS Let x[n],0 < n < N — |, be a length-N sequence with an N-point DFT given by X[k],0 < k < N — 1.
Determine the 2N-point DFT of each of the following length-2N sequences:
_Jx[n], 0sn=N-1, _]0, 0<n<N-1,
(&) gln] = {0, Nen<an—1, OMI={0 N Nen<ov-1

5.16 Let G[k]and H[k],0 < k < 2N — 1, denote, respectively, the 2N-point DFTs of the length-2N sequences g[n]
and h[n] of Problem 5.15. Define a new length-2N sequence given by y[n] = gln] + hi[n], with a 2N-point DFT
Y[k],0 < k = 2N — 1. Develop the relation between Y [k], G[k], H[k], and X[k].

5.17 Let Y[k] denote the M N-point DFT of a length-N sequence x[n] appended with (M — 1)N zeros. Show that
the N-point DFT XT[k] can be simply obtained from Y [£] as follows:

X[kl = Y[kM], 0<k=N-1

5.18 Letx[n],0 =n < N —1, bealength-N sequence with an N-point DFT givenby X[k],0 <k < N — 1. Assume
N isodd. Let R = LN, where L is a positive integer. Define an R-point DFT Y[k],0 <k < R — 1, given by

LX[k]. 0% kel
Y[k] = 2 N=1 _ .
B1=1 LXtk-R+ N, R-Frl<k<Rr-1
0, otherwise.

Determine the length-R IDFT y[n], 0 < n < R — 1, of ¥[k] as a function of x[n].

5.19 Letx[n], 0 <n < N — |, be alength-N sequence with an N-point DFT X[k], 0 <k <N — 1.
{(a) If x[n]is a symmetric sequence satisfying the condition x[n] = x[{N — 1 — n) y], show that X[N /2] = O for
N even.
(b) If x[#] is a antisymmetric sequence satisfying the condition x[n] = —x[(N — 1 — n) ], show that X[0] = 0.

(c) If x[n] is a sequence satisfying the condition x[n] = —x[{n + M} ] with N = 2M, show that X[2¢] = O for
¢=0,1,...,.M— L

520 Let x[n], 0 < n < N — 1, be an even-length sequence with an N-point DFT X[k], 0 = k <= N - 1. If
X(2m]=0for0<m < % —~ 1, show that x[n] = —x[{n + %)N].

5.21 Letx[n], 0 =n < N — 1, be alength-N sequence with an N-point DFT X[k], 0 <k < N — 1. Determine the
N-point DFTs of the following length-N sequences in terms of X[k]:
() wln] =ax({n —m)n]+ Bx[{n —m2)n], where m and my are positive integers less than N,

__[x[n], for n even,
®) glnl = {O, for n odd,

© yInl = x[n]®x[n].

5.22 Letx[n], 0 <n < N — 1, be an even-length sequence with an N-point DFT X[k], 0 <k < N — 1. Determine
the N-point DFTs of the following length-N sequences in terms of X[k]:

(@) ujn] = x[n] — x[(n — ‘:}:—)N], ) v[n] =x[n] + x[{n — %’-)N], (c) y[n] = (=1)"x[n].

5.23 Letx[n], 0 =n < N — 1, be alength-N sequence with an N-point DFT X[k], 0 < k < N — 1. Determine the
N-point inverse DFTs of the following length-N DFTs in terms of x[#n]:
(a) WIk]l =aX[(k —m)n]+ BX[{k —ma)y], where m| and m1 are positive integers less than N,
- _ | X[k], fork even,
(&) GIkl= {0, for k odd,
(c) Y[kl = XIKI® X[K].
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5.24 Letx[n], 0 <n < N — [, be alength-N sequence with an N-pointDFT X[k], 0 <k =N -1
(a) Show that if N is even and if x[n] = —x[{n + %)N] for all n, then X[k] = 0 for k even.

(b) Show that if & is an integer multiple of 4 and if x[n] = —x[{n + %’—)NJ for all n, then X[k] = 0O for
k=40, 0<t< 8 -1

5,25 Letx[n], 0 <n < N — 1, be alength-N real sequence with an N-point DFT X[k], 0 <k <N —1.
() Show that X[(N — k)ny] = X*[k].
(b) Show that X[0] is real.
(c) If N is even, show that X[N /2] is real.

5.26 Let x[n] be a length-N complex sequence with an N-point DFT X[k]. Determine the N-point DFTs of the
following length-N sequences in terms of X [k]:
@) =yl 0) xrelnl,  (©) jxim[n], () xeslnl, (@) Xealn].

5.27 Let x[n] be a length-N real sequence with an N-point DFT X[£]. Prove the following symmetry properties of
X[k):
(@) X[kl = X*[(=k) w1, (0) Xre[K]= Xrel{=K) W], (©) Xim[h] = =Xim[{(—kIn], () |XTK] = IX[(=R}n I,
(e)argX[k] = — argX[{—k}n].

5.28 Without computing the DFT, determine which one of the following length-9 sequences defined for0 < n < 8
has 2 real-valued 9-point DFT and which one has an imaginary-valued 9-point DFT.

@ {yblf=4 3 -5 1 -2 =2 1 =5 3
®) fol)=00 S§ 1 4 =3 3 -4 -1 -5}
© lslll=10 -5 2 4 -3- 3 -4 -1 =3
W alill=(=% s -2 2 4 4 2 =3 H#,

5.29 Let G[k]and H[k], 0 <k < 7, denote the 8-point DFTs of two length-8 sequences, g[n]and i[n], 0 <n = 7,
respectively.
(@) IFGk] = [2.6+ jd4.1 3—j27 —42+j14 35-j26 05 13+jdd4 24— 1.6 =3+ 1.6}
and /i[n] = gl{n — 3)g], determine A k] without forming /#2[n] and then computing its DFT.
(b) gln)l={-01-j07 134 24,07 11 +j22 —0.8+4 02 34—-j01 —12+j3.1 Jj1.5}
and H[k] = GI{k + 3)g], determine fi[n] without computing the DFT G[k], forming H[k], and then finding
its inverse DFT.

5.30 Prove the following general properties of the DFT listed in Table 5.3: (a) linearity, (b) circular time-shifting,
(c) circular frequency-shifting, (d) duality, and (e) N-point circular convolution,

5.31 Prove Eq. (5.116).
5.32 Consider two length-N real-valued sequences x[n] and y[n] defined for 0 < n < N — 1 with N-point DFT's
X[k] and Y[k], 0 <k < N — 1, respectively. The circular correlation of x[n] and y[n] is given by

N—-1
royll]l= Y xnly[(E+n)yl, 0SE=N -1 (5.188)
n=0

Express the DFT of 4y [£] in terms X[k] and Y[k].
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533 Letx[n], 0 <n < N — 1, be alength-N sequence with an M N-point DFT X[k], 0 < k < MN — 1. Define
yinl = x[minl, D<n<MN-I.

How would you compute the M N-point DFT Y[k] of y[n] knowing only X[k]?

5.34 Consider the length-10 sequence, defined for0 < u < 9,
[x[n]} = (-3 5 45 —15 -9 —19 -8 21 — 10 23},

with a 10-point DFT given by X[£], 0 < k& < 9. Evaluate the following functions of X[k] without computing the
DFT: .

9 9 9
(@ X[0, (B XI5}, (@ D XK, (&) D e TEOxR,  (e) Y IXIKIP
k=0 k=0 k=0

5.35 Let X[k], O <k < 11, be a 12-point DFT of a length-12 real sequence x[n] with first 7 samples of X[k] given
by

X[kl =(11 88— j2 1—j12 6+ 3 =3+ 42 24 15}, 0 <k <6
Determine the remaining samples of X[k]. Evaluate the following functions of x[«] without computing the IDFT of
X[k]:

11 11 11
@ x[0,  ®) x[6, () Y xlal (@ Y Bl (@) Y Ikl
n=0 n=0 n=0

5.36 Let g[n] and /[n] be two finite-length sequences of length 7 each. If yz [#] and yc[n] denote the linear and
7-point circular convolutions of g[n] and fi[n], respectively, express yc[n] in terms of yg [n].

5.37 The even samples of the 9-point DFT of a length-9 real sequence are given by X[0] = —5.7, X[2] = 1.2 — j4.1,
X[4]1=-3.54+ 5.3, X[6] = 8.6 — j9.6, and X[8] = —7.7 — j3.2. Determine the missing odd samples of the DFT.

5.38 The following 5 samples of the 9-point DFT X[] of a real length-9 sequence are given: X[0] = 11, X[2] =
12— 723, X[3]=-72—j4.1, X[5] = —3.1+ j8.2, and X[8] = 4.5+ j1.6. Determine the remaining 4 samples.

5.39 The following 7 samples of a length-12 real sequence x[#] with a real-valued 12-point DFT X[k] are given by
x[0] = 3.8, x[2] = 0.7, x[3] = —3.25, x[5] = 4.1, x[6] = 2.87, x[8] = 9.3, and x[11] = —2. Find the remaining 5
samples of x[n].

5.40 The first 7 samples of a length-12 real sequence x[n] with an imaginary-valued 12-point DFT X[k] are given by
x[0] =0, x[1] = 0.7, x[2] = =3.25, x[3] = 4.1, x[4] = 2.87, x[5] = —9.3, and x[6] = 0. Find the remaining 5
samples of x[w].

5.41 A 174-point DFT X[k] of a real-valued sequence x[n] has the following DFT samples: X[0] = 11, X[9] =
=344+ 759, X[k] =71+ j24, X[51] =5 — jl.6, X[ka] = 8.7 + j4.9, X[87] = 4.5, X[113] = 8.7 —
j4.9, X[ksl =544 jl.6, X[162] = 7.1 — j2.4, and X[ky] = —3.4 — j5.9. Remaining DFT samples are assumed
to be of zero value.

(a) Determine the values of the indices &y, k2, k3, and k4.

(b) What is the dc value of {x[n]}? a

(c) Determine the expression for (x[#]} without computing the IDFT.

(d) What is the energy of {x[n]}?
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542 A 126-point DFT X[k] of a real-valued sequence x[n] has the following DFT samples: X[0] = 12.8 +
jo, X[13]=—3.7+j2.2, X|k1=9.1—j5.4, X[ka] = 6.34j2.3, X[511=—j1.7, X[63] = 13+ 8, X[kl =
y+ L7, X9 = 6.3+ j8, X[108] =€+ j5.4, and X[ky4] = —3.7 — j2.2. Remaining DFT samples are assumed
to be of zero value.

() Determine the values of the indices ky, k2. k3, and kq.

(b) Determine the values ofa, 8,8, and €.

(c) What is the dc value of {x[2]1)?

(d) Determine the expression for [x[n]} without computing the IDFT.

(e) What is the energy of {x[n]}?

5.43 A length-9 sequence is given by (x[n]) =1{3, 5, 1, 4, =3, 5, =2, =2, 4}, 0 <n =8, withan 9-point DFT
given by X[k], 0 =k < 8. Without computing the IDFT, determine the sequence y[n] whose 9-point DFT is given
by YIk] = Wy 2 XTk].

5.44 The first 5 samples of the 9-point DET H[k], 0 <k <8, ofa length-9 real sequence hln], 0 <n <8, are
given by
Hlk]l= {13 6.8414 — j6.0572 6.0346 — j1.957 Jj8.6603 —6.876 — j11.4883).

Determine the 9-point DFT G[£] of the length-9 sequence ed 2713 1] without computing /1[n], forming the sequence
gln], and then taking its DFT.

. [5.45) Consider the two finite-length sequences gl =2 —1 3),0<n<2andhfn]=(-242 —1},0=ns 3,

(2) Determine yg{n] = glnl@h(n].

(b) Extend g[n] to a length-4 sequence geln] by zero-padding and compute yelnl = gelnl@hln].

() Determine yc[n] using the DFT-based approach.

(d) Extend gin] and h(x] to length-6 sequences by zero-padding and compute the 6-point circular convolution
y[n] of the extended sequences. Is y[n] the same as yrlnl determined in Part (a)?

5.46 Show that the circular convolution is commutative.

5.47 Consider two length-N sequences x[#1] and x2[n] defined for 0 <n < N — 1. Let y[n] = x;[n]1® x2ln]. Prove
the following equalities:

N-1 N—1 N-1
@ Y vl = 3 wilnr] | 2wl ).
n=0 n=0 n=0
N-1 N-1 N-—1
() Y (=1)'y[nl = 3 (=D"xlnl 3 (=1)"xaln] | for N even.
n=0 n=0 n=0

5.48 Let x[1] be a length-N sequence with an N-point DFT given by X[k]. Assume N is divisible by 3. Define a
sequence
y[n] = x[3n}], 0<n< ﬁ‘ —1.

Express the %-point DFT Y[k] of y[n] in terms of X[k]-

5@ The 8-point DFT of a length-8 complex sequence v[n] = x[n) + jy[n]is given by

Vo] =3+ j7. VII1=-2+]6 V[21=1-j5, VB1=4-J9

VMl =5+j2, VI[5s1=3-j2, VI6l= j4 VIl=-3-J8,
where x[n] and y[n] are, respectively, the real and imaginary parts of v[n]. Without computing the IDFT of V[&],
determine the 8-point DFTs X[k] and Y[k} of the real sequences x[n] and y[n], respectively. Verify your result by
computing the IDFT of V[k] using MATLAB.
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5.50 Determine the 4-point DFTs of each sequence of the following pairs of length-4 sequences defined for0 <»n < 3
by computing a single DFT:

() g[n]= (2 -1 3 0}, hin]={-2 4 2 -1},

(b) x[n] = {3 -2 2 4},  yal={1 2 3 4}

' 551" Consider a rational discrete-time Fourier transform X (e/¢) with real coefficients of the form of

P(e/®)  py+pred® 4+ ppy_e/oM=D
D(eJ®) ~ dy+dje=@ 4+ .. fdy_je-ieW-1"
Let P[k] denote the M-point DFT of the numerator coefficients {p;} and D[k] denote the N-point DFT of the

denominator coefficients {d;}. Determine the exact expressions of the DTFT X(ed®) for M = N = 4 if the 4-point
DFTs of its numerator and denominator coefficients are given by

Plk] = (=5, =2+ j5. 4, =2 j5}, DIkl = {3, 4+ j, =7, 4—j).

X(ej(u) =

Verify your result using MATLAB.
[ \
|5.52 \Fepeat Problem 5.51 for the 4-point DFTs of the numerator and denominator coefficients given by

Plk] = (8, =5 —j6, =3, =5+ j6}, D[k] = (-6, 6+ j2, 5, 6 — j2].

5.53 Consider a length-N sequence x[n] with a DTFT X(ef“’)_ Define an M-point DFT }Z'[k] = X(e/®), where
wi =2xk/M,k=0,1,..., M —1. Denote the inverse DFT of X [k] as X[n], which is a length-M sequence. Express
x[n] in terms of #[n] and show that x[n] can be fully recovered from Z[n] only if M > N.

A ;
25,54 |Let X (¢/®) denote the DTFT of the length-9 sequence xn]={1 -2 3 -4 5 -4 3 =2 I].

(a) For the DFT sequence X{[k], obtained by sampling X(e-’“’) at uniform intervals of 7 /6 starting from w = 0,
determine the IDFT x[n] of X [k] without computing X(e»’“‘) and X |[k]. Can you recover x[n] from x| [n]?

(b) For the DFT sequence X»[k], obtained by sampling X(ef“’) at uniform intervals of /4 starting from w = 0,
determine the IDFT xa[n] of Xq[k] without compulmg X (/) and X»[k]. Can you recover x[n] from xg[n]?

'5.55 Let x[n] be a length-N sequence with X [£] denoting its N-point DFT. We represent the DFT operation as
X[k] = F{x[n]). Determine the sequence y[n] obtained by applying the DFT operation 4 times to x[n], i.e.,

yln] = AAF{F{F(x[=]1}}).

556 Let.x[n]and hi[n] be two length-51 sequences defined for 0 < n < 50. Itis known that h[n] =0for0 <n < 16
and 37 < n < 50. Denote the 51-point circular convolution of these two sequences as #[n] and their linear convolution
as y[n]. Determine the range of n for which y[n] = u[n].

\

5.57 The linear convolution of a length-110 sequence with a length-1300 sequence is to be computed using 128-point
DFTs and IDFTs.

(2) Determine the smallest number of DFTs and IDFTs needed to compute the above linear convolution using the
overlap-add approach.

{b) Determine the smallest number of DFTs and IDFTs needed to compute the above linear convolution using the
overlap-save approach.

5.58 (a) Consider a length-~ sequence x[1],0 < n < N — 1, with an N-point DFT X[k], 0 <& < N — 1. Define a
sequence y[n] of length LN, 0 =n < NL — 1, given by

_Jx#/L), n=0,L2L,...,(N-1)L,
] = [ 0, otherwise, 31830

where L is a positive integer. Express the N L-point DFT Y [£] of y[n] in terms of X[k].
(b) The 5-point DFT X[k] of a length-5 sequence x[n] is shown in Figure P5.1. Sketch the 21-point DFT Y[k] of
a length-21 sequence y[n] generated using Eq. (5.189).

B
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Figure P5.1

5.59 Consider two real, symmetric length-N sequences, x[n] and y[n],0 < n < N — 1 with N even. Define the
lenglh-% sequences:

xoln] = x[2n + 1] + x[2n], xi[n] = x[2n + 1] — x[2n],

yoln] = y[2n 4 11+ y12n], yilnl = y[2n 4 1] — ¥[2n],

where 0 <n < # — 1. It can be easily shown that xp[r] and yp[r] are real, symmetric sequences of lEnE[h"—/f each.
Likewise, the sequences x| [n] and yj[n] are real and antisymmetric sequences. Denote the & - point DFTs of xg[n],

x1lnl, yolnl, and yy[n] by Xolkl, X[k}, Yolk], and Y1[&], respectively. Define a lenf:th-; sequence u[n]:
uln] = xplnl + yilnl 4+ j(xiln] + volnl)-
Determine Xglk], X111, Yplk], and Y| [k] in terms of the %-poim DFT U[k] of u[n].
5.60 The generalized discrete Fourier transform (GDFT) is a generalization of the conventional DFT to allow shifts

in either or both indices of the transform kernel (Bon76]. The N-point generalized discrete Fourier transform
Xgprrlk, a, b] of a length-N sequence x [n] is defined by

N—-1
27 k+b
Xgprrlk, a,b] = Y \[u]exp( —(’iﬂ+—)) (5.190)
N
n=0
Show that the inverse GDFT is given by
1 o 2 (i + a)(k + b)
== k,a,b L AR 5.191
xfn] E Xgprrlk. a, ]EXP( N ) (5.191)

5.61 Prove the following properties of the DCT: {(a) linearity property of the DCT, given by Eq. (5.154), (b) symmetry
property of the DCT, given by Eq. (5.155), and (c) energy preservation property, given by Eq. (5. 156).

5.62 The N coefficients of the normalized DCT XB%T[k], 0 <k < N — 1, given by Eq. (5.158), can be written ina

matrix form Xper = Cyx, where
X —[x® (n) x _ =[]0 1n .- xIN=11T
per = [ X010 Xpelll - XperlV 1], x =110 x[1] XN =111,
and Cp is the N x N DCT matrix whose (k, 1) )th element is given by
ak(2n+1)
x5 = ,/ BlK] Z ( )
n=0

with B[] given by Eq. (5.160). Even though the DCT matrix Cp is orthogonal, i.e., x = Cy XDCT =C N XDCTs
its elements are irrational numbers and do not produce the original input vector X by dpplymg the mverse DCT
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transformation to Xpcr when implemented with finite-precision arithmetic. It is thus desirable in practice to make
use of integer-valued orthogonal transform matrix with a uniform frequency decomposition similar to that of the DCT.
{a) One such transform proposed for the H.26L video compression standard is the 4 x 4 matrix [Bjo98]:

13 13 13 13
17 7 =1 -17
13 —13 —13 13
7 <7 17 7

Hy =

Show that the above transform matrix is orthogonal and all its rows have the same £5 norm.
(b) A recently proposed simpler 4 x 4 transform matrix [Mal2002]:

I 1 i 1
B % I -1 =2
1 -2 2 -1
has a much smaller dynamic range than Hj . Show that the rows of the above transform matrix are orthogonal but do
not have the same £ norm.

5.63 Prove the following properties of the Haar transform: (a) orthogonality property, given by Eq. (5.171) and
(b) energy conservation property, given by Eq. (5.174).

5.64 The N-point discrete Hartley transform (DHT) Xpyrlk] of a length-N sequence x[n] is defined by [Bra83]

N—1 P
Xpwrlkl = Y x[n] {cos LY .\ oo, [ B0 k=01,....,N—1 (5.192)
DHT : N 7 , S TR ; ;

n=0

As can be seen from the above, the DHT of a real sequence is also a real sequence. Show that the inverse discrete
Hartley transform (DHT) is given by

1 A=l 2mnk 2rnk
x[n] = Y E) XpuTlk] (cos( = ) +sin( ~ )) , n=01,...,N—1. (5.193)

5.65 Let Xpyrlk] denote the N-point DHT of a length-N sequence x[n].
(a) Show that the DHT of x[{n — ng)n] is given by

. 2w ngk
Xpurlk]cos
pHTL JCDS( =

2angk
) + XpyT[—£K] sin ( ! ) :

(b) Determine the N-point DHT of x[(—n}y].
(c) Prove the Parseval’s relation:

N—1 i N-1
> &l = = > Xpyplkl. (5.194)
n=0 k=0

5.66 Develop the relation between the N-point DHT Xpyr([k] and the N-point DFT X[k] of a length-N sequence
x[n].

5.67 Let the N-point DHTs of the three length-N sequences x([n], g[n], and y[n] be denoted by Xpur(4], GpuTlA]
and Ypyr[k], respectively. If y[n] = x[n]® gl#n], show that

Yputlk]l = %XDI-lT[k](GDHT[k] + Gpurl{—kinD)
+ 5 Xpurl(—k) v (Gputlk] — Gourl(—k)N]). (5.195)

..
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5.68 The discrete combined Fourier transform (DCFT) of a length-N sequence xnl, 0<sn=N-1 is defined as
a linear combination of its N-point DFT and the N-point IDFT given by [Ans83] ‘

N-—1
Xporrlkl= D (a, Wik 4+ azwg""') x[n], 0<k<N-1, (5.196)
n=0

where at least one of the constants oy and @ is nonzero.
(a) Consider the sequence

N-1
yinl= Y (,61 Wi ﬁgw;:j‘) Xperrlkl, 0<n<N-L (5.197)
n=0

Show that y[n] = x[n], the inverse DCFT of Xpcgrlk] if the following two conditions are satisfied:

axfy +a =0,
N(a1 1 +e2fp) = 1.

(by If a% #F a%. then show that the inverse DCFT of Xpcrrlk] can be expressed as

N—1

1 ; ) ; .
xnl=———x E (cx1 WNM - oeg_WKf‘) Xpcrrlkl, 0<sn=N- I. (5.198)
N (QI —Cffi) k=0

(¢) Show that Xpcrrlk]is a real sequence if ) = aE = are + j®tim. provided ore # 0, and oy, #F 0.
(d) Show that the discrete Hartley transform is a special case of the real-valued DCFT.
5.69 The Hadamard transform Xyrl&] of a length-N sequence xnl,n=01,...,N-1 is given by [Gon2002]

N-I
1 £-1 o .
Xurikl = & > K[n)(=DZi= R =01, N = (5.199)
n=0

where b; (1) is the ith bit in the binary representation of r, and N = 2% In matrix form, the Hadamard transform can
be represented as

Xyt = Hax,
where
Xyr = [Xgri0l Xurlll - XuriN =11,
x = [x[0] x{11 .- x[N=1]".

(1) Determine the form of the Hadamard matrix Hy for N =2, 4, and 8.

(b) Show that
_ | Ha H> . _ | Hy Hy
H4_[H2 —}12]’ Ilg_[m —H4]'

(c) Determine the expression for the inverse Hadamard transform.

5.16 MatLaB Exercises

M 5.1 Using MATLAB, computethe N-point DFTs of the length-N sequences of Problem 3.19for N = 4, 6, 8, and 10.
Compare your results with that obtained by evaluating the DTFTs computed in Problem 3.19 at @ = 2nk/N,
k=0,1,...,N—1
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M 5.2 Write a MATLAB program to compute the circular convolution of two length-N sequences via the DFT-based
approach. Using this program, determine the circular convolution of the following pairs of sequences:
Wehl=1{5 -2,2,0,4, 3}, #hn]=1(3, 1, =2, 2, =4, 4},
O xm) =12 -7, =1—j3, 4—j3, 142, 3+j2), vlnl={=3, 2+ j4, =1+ j4, 4+ j2, =3+ j},
(©) x[n] =cos(wn/2), ynl=3", 0=<n=<4
Verify your result using the function circonv.

M 5.3 Using MATLAB, verify the symmetry relations of the DFT of a complex sequence as listed in Table 5.1.

M 5.4 Using MATLAB, verify the symmetry relations of the DFT of a real sequence as listed in Table 5.2.

M 5.5 Using MATLAB, prove the following general properties of the DFT listed in Table 5.3: (a) linearity,
(b) circular time-shifting, (c) circular frequency-shifting, (d) duality, (e) N-point circular convolution, (f) modula-

tion, and (g) Parseval’s relation.

M 5.6 Write a MATLAB program to compute the DFTs of two real sequences of equal lengths based on the method
outlined in Section 5.9.1.

M 5.7 Verify the results of Problem 5.34 by computing the DFT X[k] of the sequence x[n] given using MATLAB,
and then evaluate the functions of X[k] listed.

M 5.8 Verify the results of Problem 3.35 by computing the IDFT x[n] of the DFT X[k] given using MATLAB, and
then evaluate the functions of x[n] listed.

M 5.9 Write a MATLAR program to implement the Fourier-domain filtering illustrated in Example 5.13. Using this
program, verify the results of this example.

M 5.10 Write a MATLAB function to implement the overlap-save method. Using this function, demonstrate the
filtering of the noise-corrupted signal of Example 2.13 using a length-3 moving average filter by modifying Program
36

circonv.m

Program 3.6





